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We consider a homogeneous Bose gas of particles with an attractive interaction. Mean field
theory predicts for this system a spontaneous symmetry breaking at a certain value of the interaction
strength. We show that at this point a second-order quantum phase transition occurs. We investigate
the system in the vicinity of the critical point using Bogoliubov theory and a continuous description,
that allows us to analyze quantum fluctuations in the system even when the Bogoliubov approach
breaks down.
I. INTRODUCTION
Many body problems in a quantum degenerate limit
can be investigated experimentally and theoretically in
ultra cold atomic gasses [1, 2, 3]. At the current level of
the experimental control and detection accuracy various
phenomena and effects predicted theoretically (for exam-
ple Mott-Insulator transition [4]) can now be precisely
investigated and tested. The most fascinating examples
from our point of view consists of BEC-BCS transition [5]
and more recently critical behavior at the phase transi-
tion, including critical exponent of the correlation length
for a trapped, weakly interacting Bose gas [6].
In the present publication we focus our attention on a
homogeneous Bose gas with attractive interactions in a
elongated 3D box with periodic boundary conditions. For
a corresponding 1D system the mean field theory (Gross-
Pitaevskii equation [7]) predicts a spontaneous symmetry
breaking when the strength of the attractive interaction
reaches a critical value [8]. On the other hand the one-
particle density has to be uniform in the ground state of
the full quantum Hamiltonian, due to the translational
invariance of the system. The connection between the
mean field approach, Bogoliubov [9] and the full quantum
many body theory was analyzed by few authors. For
instance Ueda and his cooworkers [10], considering 1D
Bose gas in the box showed that when the interaction
strength exceeds the critical value, even weak external
symmetry breaking perturbation leads to a formation of a
bright soliton. They also analyzed quantum fluctuations
(in position and momentum) of the center of mass of the
soliton [11]. Finally, in the context of the present study
we mention the paper of Castin and Herzog [12] where
they suggested that as long as we restrict the analysis of
the system to the low order correlation functions it can be
characterized quite accurately using modified mean-field
approach.
Here we consider quantum many body system and we
show that Hilbert space in the vicinity of the critical
point can be divided into a subspace, which can be de-
scribed by the Bogoliubov theory, and a subspace where
(two) unstable modes (unstable in the Bogoliubov de-
scription) can be very elegantly treated with the help of
a so called continuous description. The continuous de-
scription in our case leads to a Schro¨dinger equation of a
fictitious particle moving in the effective two-dimensional
potential and a transformation of this potential from
parabolic to Mexican hat shape reflects the second order
quantum phase transition. We also use the continuous
description to analyze fluctuations close to the critical
point in our homogeneous systems. The analogous anal-
ysis is also possible for the system in the double well and
we will present our results (among other things we show
that in this case there is only one unstable mode) in the
separate publication [13].
The paper is organized as follows. In Sec. II we in-
troduce the system and shortly present the results of the
Bogoliubov theory. In Section III we restrict the analysis
to condensate and two unstable modes, using an argu-
ment (derived in the previous section) that all the other
modes remain weakly populated. We introduce effective
Hamiltonian and continuous description, which allows us
to investigate quantum fluctuations in the system in a
vicinity of the critical point. We conclude in Sec. IV and
in the Appendix we analyze eigenstates of the system
and show that for large particle number corrections to
an effective Hamiltonian are negligible.
II. BOGOLIUBOV THEORY
We consider a gas of Bose particles with contact at-
tractive interaction in a 3D box with periodic boundary
conditions. The Hamiltonian of the system reads
Hˆ =
∫
d3r ψˆ†(r)
[
− ~
2
2m
∇2 + g
2
ψˆ†(r)ψˆ(r)
]
ψˆ(r), (1)
where ψˆ(r) is the bosonic field operator, and g =
4π~2a/m, is the coupling constant that characterizes par-
ticle interaction (a is s-wave scattering length which for
the attractive interaction is less than zero). In the case
of homogeneous system it is convenient to switch to a
2momentum basis,
ψˆ(r) =
∑
k
eik·r√
V
aˆk, (2)
where V = LxLyLz is the volume of the box and the sum
runs over discrete momenta,
k = 2π
(
nx
Lx
,
ny
Ly
,
nz
Lz
)
, (3)
with integer nx, ny, nz. Then, the Hamiltonian reads
Hˆ =
∑
k
~
2k2
2m
aˆ†kaˆk +
g
2V
∑
k,k′,q
aˆ†k+k′−qaˆ
†
qaˆk′ aˆk. (4)
Exact diagonalization of the Hamiltonian (4) is impos-
sible because dimension of the Hilbert space of the sys-
tem is enormous. However, we are interested in a ground
state of the system in the case of weak particle interac-
tion. Then, one can expect that only one mode macro-
scopically occupied by atoms and, in the first approxima-
tion, we may use a mean field approach which relies on
substitution of the bosonic operator ψˆ(r) by a classical
field φ0(r). The resulting Gross-Pitaevskii [7] equation
reveals homogeneous stationary solution (i.e. the con-
densate wavefunction)
φ0(r) =
1√
V
, (5)
and chemical potential µ = gN/V . Quantum fluc-
tuations around the mean field solution can be de-
scribed within the Bogoliubov theory [9]. We employ N -
conserving version of the Bogoliubov theory [14] where
a part of the Hamiltonian (4), minus a constant term
µNˆ , with contributions of the second order in aˆk (where
k 6= 0),
HˆB =
∑
k 6=0
[(
~
2k2
2m
+
2g
V
aˆ†0aˆ0 −
gN
V
)
aˆ†
k
aˆk
+
g
2V
(
aˆ†0aˆ
†
0aˆ−kaˆk + aˆ0aˆ0aˆ
†
−kaˆ
†
k
)]
, (6)
is substituted by
HˆB =
∑
k 6=0
[(
~
2k2
2m
+
gN
V
)
Λˆ†kΛˆk
+
gN
2V
(
Λˆ†kΛˆ
†
−k + ΛˆkΛˆ−k
)]
, (7)
where
Λˆk =
aˆ†0√
N
aˆk. (8)
The Bogoliubov transformation bˆk = 〈uk|Λˆk〉−〈vk|Λˆ†−k〉,
with
uk + vk =
(
~
2k2
2m
~2k2
2m +
2gN
V
)1/4
,
uk − vk = (uk + vk)−1 , (9)
allows one to write the Hamiltonian (7) in a diagonal
form, HˆB =
∑
k 6=0Ek bˆ
†
kbˆk, where the Bogoliubov spec-
trum reads
Ek =
√
~2k2
2m
(
~2k2
2m
+
2gN
V
)
. (10)
Within the N -conserving Bogoliubov theory we can ob-
tain N -body ground state in the particle representation
in a simple form [1, 15]
|0b〉 ∼

aˆ†0aˆ†0 +∑
k 6=0
λk
(
aˆ†c,kaˆ
†
c,k + aˆ
†
s,kaˆ
†
s,k
)
N/2
|0〉,
(11)
where
aˆc,k =
aˆk + aˆ−k√
2
, aˆs,k =
aˆk − aˆ−k
i
√
2
, (12)
and
λk =
√
dNk
1 + dNk
. (13)
Here
dNk = 〈vk|vk〉, (14)
are eigenvalues of the reduced single particle density ma-
trix. The total number of atoms depleted from a conden-
sate mode reads
dN =
∑
k 6=0
dNk. (15)
In the following we will consider the system in a box
where Lx, Ly ≤ Lz/2. Then, the lowest Bogoliubov exci-
tation energy corresponds to momenta
k± = ±2π
Lz
(0, 0, 1) , (16)
and it is real provided a parameter
α =
2gN
ǫ0V
, (17)
where
ǫ0 =
~
2
2m
(
2π
Lz
)2
, (18)
is greater than −1. For α = −1 the energy gap between
the ground state and the first excited state disappears,
the homogeneous mean field solution (5) looses its sta-
bility and the quantum depletion dN diverges because
dNk± diverge. More precisely, for α < −1 the mean field
3solution spontaneously breaks the symmetry of the sys-
tem. In the next section we show that this point can be
regarded as a critical point.
We conclude that the Bogoliubov approximation
breakdowns down at the critical point. The population
of k± is diverging, but population of higher momentum
modes is within this approximation still negligible. In-
deed, average number of particle in these modes for α
around −1 can be estimated as follows:
∑
k 6=0,k±
dNk =
∑
k 6=0,k±
〈vk|vk〉 ≈ V
2π2
∫ ∞
4pi/Lz
dk k2 〈vk|vk〉,
(19)
and it is not greater than 0.2 in a vicinity of the critical
point for our box geometry.
In the next section we analyze higher order terms of
the Hamiltonian (4) and show that one is able to obtain
a simple and elegant description of the system in a vicin-
ity of the critical point if the lowest energy modes are
carefully considered. Strictly speaking we will consider
only three modes, the condensate mode and k± modes.
III. CONTINUOUS DESCRIPTION
In the present section we suggest an effective method
to describe our system (cold gas of bosonic atoms in a
box) in a vicinity of the critical point. We consider the
elongated rectangular box where Lx, Ly ≤ Lz/2. From
the discussion presented above we expect that in this case
there are two modes corresponding to momenta k±, that
need careful treatment.
A. Effective Hamiltonian
The Hamiltonian restricted to the condensate and k±
modes reads
Hˆ ≈ ǫ0
(
aˆ†+aˆ+ + aˆ
†
−aˆ−
)
+
g
V
(
aˆ†0aˆ
†
0aˆ+aˆ− + aˆ
†
+aˆ
†
−aˆ0aˆ0
)
+
g
2V
(
aˆ†0aˆ
†
0aˆ0aˆ0 + aˆ
†
+aˆ
†
+aˆ+aˆ+ + aˆ
†
−aˆ
†
−aˆ−aˆ−
)
+
2g
V
(
aˆ†0aˆ0
(
aˆ†+aˆ+ + aˆ
†
−aˆ−
)
+ aˆ†+aˆ+aˆ
†
−aˆ−
)
,
where we introduced notation aˆk± ≡ aˆ±. Since total
number of particles is equal to N and is conserved we can
eliminate one of the modes from the above Hamiltonian.
Here we choose to eliminate the k = 0 mode. In order to
do so we substitute operators aˆ0 and aˆ
†
0 by an operator√
N −
(
aˆ†+aˆ+ + aˆ
†
−aˆ−
)
(see [16]). Now our Hamiltonian
can be written as
Hˆ =
g
2V
(N2 −N) + Hˆ ′, (20)
where
Hˆ ′ = (ǫ0 + gn)
(
aˆ†+aˆ+ + aˆ
†
−aˆ−
)
+ gn
(
aˆ+aˆ− + aˆ
†
+aˆ
†
−
)
− g
V
(
aˆ†+aˆ+aˆ
†
+aˆ+ + aˆ
†
−aˆ−aˆ
†
−aˆ− + aˆ
†
+aˆ+aˆ
†
−aˆ−
)
− g
V
((
aˆ†+aˆ+ + aˆ
†
−aˆ−
)
aˆ+aˆ− + aˆ
†
+aˆ
†
−
(
aˆ†+aˆ+ + aˆ
†
−aˆ−
))
Note, that the above Hamiltonian commutes with the
total momentum operator which in this case is equal to
Pˆ =
2π~
Lz
(
aˆ†+aˆ+ − aˆ†−aˆ−
)
. (21)
Next we represent first excited modes by their symmet-
ric and antisymmetric combinations defined in Eq. (12),
and describe dynamics of these modes using the position-
momentum representation
aˆc =
xˆc + ipˆc√
2
aˆs =
xˆs + ipˆs√
2
.
In this representation the Hamiltonian Hˆ ′ can be split
into several parts
Hˆ ′
ǫ0
= −1− α
2
− 3α
8N
+
HˆF
ǫ0
+
δHˆ
ǫ0
, (22)
where
HˆF
ǫ0
=
1
2
(
pˆ2c + pˆ
2
s
)
+
1 + α
2
(
xˆ2c + xˆ
2
s
)− 7α
32N
(
xˆ2c + xˆ
2
s
)2
and
δHˆ
ǫ0
= − α
8N
(
pˆ2c + pˆ
2
s
)
+
7α
8N
(
xˆ2c + xˆ
2
s
)
− 3α
32N
(
(pˆ2c + pˆ
2
s)(xˆ
2
c + xˆ
2
s) + (xˆ
2
c + xˆ
2
s)(pˆ
2
c + pˆ
2
s)
)
− α
32N
(
4 (pˆcxˆs − pˆsxˆc)2 −
(
pˆ2c + pˆ
2
s
)2)
.
The total momentum operator (21) is in this representa-
tion proportional to pˆcxˆs − pˆsxˆc and it commutes with
the Hamiltonian HˆF (and obviously also with δHˆ)! This
property will be used in the Appendix.
Up to now we have divided our Hamiltonian into two
parts and in what follows we will argue that for large
N (strictly speaking in the limit of N tending to infin-
ity while α is kept constant) the dominating contribution
arise from effective Hamiltonian HˆF . This is the Hamil-
tonian of a fictitious particle moving in a two-dimensional
effective potential. Indeed, upon defining rˆ2 = xˆ2c + xˆ
2
s
we can derive a Schro¨dinger equation
Eψ(r) = −1
2
△ψ(r) + Veff (r)ψ(r), (23)
4where the 2D effective potential is equal to
Veff (r) =
1 + α
2
r2 − 7α
32N
r4. (24)
This potential evolves, when we pass through the critical
point, from a parabolic well (α > −1), through quartic
well (α = −1) to a Mexican hat shape (α < −1), which is
a signature of the second order quantum phase transition.
In the Appendix we present analytic approximations to
the solution of this Schro¨dinger equation and estimate
the contribution from the Hamiltonian δHˆ in all three
regions mentioned above. We show that for large N they
are indeed negligible.
Our numerical studies are summarized in Fig. 1. It
turns out that our estimates from the Appendix are
in a perfect agreement with the numerical results. To
prove that the contribution from δHˆ is small we diago-
nalize Hamiltonian Hˆ ′ and HˆF numerically. In Fig. 1 we
show energy levels obtained in each case. One can see
that already for a moderate particle number (N = 500)
the low-lying energy levels of the two sets coincide and
for the greater N (N = 105) even the higher excited
states are properly reproduced. In conclusion even for
moderate number of particles Hamiltonian HˆF is a very
good approximation to Hˆ ′ apart from the constant term
−1− α2 − 3α8N .
B. Critical fluctuations
Description of a homogeneous Bose gas with attractive
particle interactions around the critical point becomes
very simple when we use the concept of the effective po-
tential (24). For instance it allows us to study the dynam-
ical transition of the system when the scattering length
is changed in time, especially when the system enters the
critical region. Here, however, we restrict our considera-
tions to the static (ground state) properties of the system
around the critical point. Since the effective potential
undergoes transition from quadratic through quartic to
Mexican hat, which is a typical signature of the second
order phase transition, we expect critical fluctuations to
show up. Hence we search for the observable that will
show the clear evidence of the critical behavior (will have
maximal fluctuations at the critical point).
Let us consider the operator dNˆ representing the num-
ber of atoms depleted from a condensate. The contribu-
tion (19) from the modes described by the Bogoliubov
Hamiltonian is very small and can be neglected, there-
fore
dNˆ ≈ nˆc + nˆs, (25)
where
nˆc =
1
2
(
pˆ2c + xˆ
2
c − 1
)
, nˆs =
1
2
(
pˆ2s + xˆ
2
s − 1
)
. (26)
The depletion, dN = 〈dNˆ 〉, increases as we approach
and pass through the critical point, see Fig. 2. In this
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FIG. 1: (Color online) Energy levels with respect to the
ground state energy of the Hamiltonian H ′ (black lines) and
HF (red lines). Panel (a) shows results for N = 500 while
panel (b) for N = 105.
figure we compare mean value of atoms depleted from the
condensate as a function of parameter α for two different
total number of atoms. Each panel represents two curves
that practically sit on top of each other; one obtained
from the Hamiltonian Hˆ ′ and the other from HˆF . The
linear behavior is due to the linear dependence of the
square of the position of the minimum in the Mexican hat
— r20 on the interaction strength α, (see the Appendix).
For large N we can estimate that 〈nˆc + nˆs〉 ≃ 〈xˆ2c +
xˆ2s〉/2 ≃ r20/2 = N 4(α+1)7α .
Now we carry on to the fluctuations. The variance
of the dNˆ increases as we cross the critical point but if
we calculate the variance relative to the average value
it turns out that the critical point region is clearly indi-
cated by the maximum of such fluctuations. In Fig. 3 we
present the variable
∆N =
〈(dNˆ − 〈dNˆ〉)2〉
〈dNˆ 〉 , (27)
as a function of α around the critical point. We compare
5again two curves obtained using Hamiltonians Hˆ ′ and HˆF
for two different number of particles. The agreement is
already satisfactory for 500 particles and it is excellent in
the case of 105 particles. We observe that the maximum
is shifted from the point α = −1 and this shift tends to
zero with the increasing number of particles.
It is interesting to note that for α < −1 the fluctu-
ations of dNˆ are much smaller than the fluctuations of
nˆc and nˆs separately. Indeed, for α < −1, the ground
state solution corresponds to the wavefunction concen-
trated around a circle with a radius r0 [see Eq. (34)], and
because dNˆ is a function of the distance from the origin
its fluctuations are small. The operators nˆc and nˆs are
related to distances from the axes, and their fluctuations
are larger than the fluctuations of dNˆ if the wavefunc-
tion is localized around the ring. It means that while
the number of depleted atoms is expected to be roughly
the same in each experiment, these atoms may occupy
differently two orthogonal modes, i.e. the modes (16) or
any other orthogonal combination of them. This is the
origin of spontaneous symmetry breaking and bright soli-
ton formation, i.e. atoms depleted from a condensate in
different experiments may differently occupy the modes
(16) and the resulting density profiles of atomic clouds
reveal bright solitons localized at different positions.
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FIG. 2: (Color online) Mean depletion from the condensate
as a function of α for N = 500 (a) and N = 105 (b). Black
continuous lines correspond to the Hamiltonian Hˆ ′ and red
dashed lines to HˆF .
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FIG. 3: (Color online) Fluctuations of the condensate deple-
tion (27) for N = 500 (a) and N = 105 (b) as a function of
α. Black continuous lines correspond to the Hamiltonian Hˆ ′
and red dashed lines to HˆF .
IV. CONCLUSIONS
We consider a ground state of the Bose gas with attrac-
tive particle interactions in an elongated 3D box. When
strength of these interactions increases the system passes
through a critical point, which is indicated by loss of sta-
bility of the uniform condensate wavefunction and break-
down of the Bogoliubov approach. In the vicinity of the
critical point there are two unstable modes and they re-
quire a careful treatment — all other modes can be ne-
glected using argument, emerging from Bogoliubov the-
ory, that they do not get any significant population.
We introduce an effective hamiltonian and the contin-
uous description which allows for a simple analysis of the
unstable modes subsystem. It turns out that the sub-
system can be effectively described by a 2D Schro¨dinger
equation of a fictitious particle moving in an effective
potential. This potential changes when the interac-
tion strength increases and it evolves from a parabolic,
through quartic (at the critical point) to a Mexican hat
shape which reflects the second order quantum phase
transition.
We have analyzed properties of the ground state, en-
ergy levels structure and quantum fluctuations of the sys-
tem in a vicinity of the critical point. The fluctuations of
number of atoms depleted from a condensate (relative to
an average value) turn out to be maximal at the critical
point. These fluctuations are smaller than fluctuations of
6numbers of atoms occupying each of the unstable modes
separately. It means that the depleted atoms may very
differently occupy two unstable modes in different exper-
imental realizations. This is an origin of the spontaneous
symmetry breaking and bright soliton formation that is
expected to be observed in a single experimental mea-
surement.
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V. APPENDIX: EIGENSTATES OF THE
EFFECTIVE HAMILTONIAN
Here we present arguments based on the analytic anal-
ysis to demonstrate that Hamiltonian δHˆ can be ne-
glected in comparison with HˆF for large N when we con-
sider the ground state of the system. The procedure is
as follows. First we find a ground state of HˆF (we treat
it separately in the three regions depending on the value
of α). With some straightforward approximations we are
able to find analytical expressions for the ground state
wavefunction and estimate the energy difference ∆E be-
tween the ground and the first excited state (with total
momentum equal to zero, see below). Next we estimate
the contribution of the Hamiltonian δHˆ using perturba-
tion theory and show that for large N first order correc-
tion is much smaller than ∆E.
Notice that as we mentioned above total momentum
operator (21)commutes with both HˆF and δHˆ . Hence
any excitation caused by the latter can not change the
value of the total momentum, which is equal to zero in
the ground state. If we use continuous description and
express the total momentum operator in the polar coordi-
nates, it turns out that it is proportional to ∂/∂φ. Hence
any state with total momentum equal to zero do not de-
pend on φ. In conclusion, to estimate ∆E we neglect the
φ dependence.
Finally we stress that considerations presented here
are given only as an example of the back of the envelope
approximation, since in parallel we perform numerical
calculations and obtain exact energies and eigenstates of
both Hamiltonians.
• The α+ 1 > 0 case.
In this case in order to get an analytic expression
for the ground state we neglect the fourth order
terms in the effective potential (24). Then the
Schro¨dinger equation (23) can be written in the
form
− 1
2
△ψ(r) + 1 + α
2
r2ψ(r) = Eψ(r), (28)
and the ground state solution is
ψ(r) ∼ exp
(
− r
2
2a2ho
)
, (29)
where
a4ho =
1
1 + α
. (30)
The difference ∆E between the energy levels is of
the order of a−2ho . The fourth order terms omitted in
Eq. (28) result in corrections of the order of a4ho/N .
One can omit the fourth order terms in the effective
potential when a4ho/N ≪ a−2ho . Inserting the value
of aho from the above equation we get [17]
(1 + α)3/2 ≫ 1
N
. (31)
The biggest term in the Hamiltonian δHˆ is of the
order a2ho/N and is smaller than just discussed
fourth order term. So in the region where the above
solution is valid the Hamiltonian δHˆ has negligible
impact.
• The critical point, α = −1.
For α = −1 the Schro¨dinger equation (23) takes
the form
− 1
2
△ψ(r) + 7
32N
r4ψ(r) = Eψ(r). (32)
We switch to the new variable r˜ = r/N1/6 and
obtain
− 1
2
△ψ(r˜) + 7
32
r˜4ψ(r˜) = N1/3Eψ(r˜). (33)
From dimensional analysis we estimate ∆E to be
of the order of N−1/3. On the other hand the dom-
inant contribution to the Hamiltonian δHˆ comes
from the terms xˆ2/N and is of order of N−2/3. So
in the limit of large N it can be neglected.
• The α+ 1 < 0 case.
For α < −1 the potential in Eq. (24) has the shape
of a Mexican hat. The minimum occurs for
r20 = N
8(α+ 1)
7α
. (34)
Around this minimum, we choose the variable R =
r − r0, and rewrite the Schro¨dinger equation (23)
as
Eψ(R) = −1
2
(
d2
dR2
+
1
r0 +R
d
dR
)
ψ(R) (35)
−(1 + α)R2ψ(R)− 7α
32N
R4ψ(R),
7use harmonic approximation (see the comment be-
low) and finally obtain
− 1
2
d2
dR2
ψ(R)− (1 + α)R2ψ(R) = Eψ(R). (36)
The ground state is
ψ(R) ∼ exp
(
− R
2
2b2ho
)
, (37)
where
b4ho = −
1
2(1 + α)
. (38)
Hence, the energy level spacing ∆E is proportional
to b−2ho . To justify our approximation leading to the
harmonic equation (36) we notice that the omitted
terms in equation (35) are of the order r−10 b
−1
ho and
b4ho/N . These terms are negligible when
|1 + α|3/2 ≫ 1
N
. (39)
Incidentally it is the same condition as (31) ob-
tained earlier.
Even if the harmonic approximation of equation
(35) is valid we still need to estimate the contribu-
tion of δHˆ . First order perturbation gives b−2ho r
2
0/N
as a leading order. Hence, comparing it with the
distance between the energy levels, we obtain the
condition when the Hamiltonian δHˆ can be ne-
glected to be
|1 + α| ≪ 1 (40)
[1] A.J. Leggett, Rev. Mod. Phys. 73, 307 (2001).
[2] Y. Castin, in Les Houches Session LXXII, Coherent
atomic matter waves 1999, edited by R. Kaiser, C. West-
brook and F. David, (Springer-Verlag Berlin Heilderberg
New York 2001).
[3] F. Dalfovo, S. Giorgini, L.P. Pitaesvkii and S. Stringari,
Rev. Mod. Phys. 71, 463 (1999).
[4] I. Bloch, J. Dalibard, W. Zwerger, arXiv:cond-
mat/0704.3011.
[5] K.M. OHara, S.L. Hemmer, M.E. Gehm, S.R. Granade
and J.E. Thomas, Science 298, 2179 (2002); C. A. Regal,
M. Greiner and D. S. Jin, Phys. Rev. Lett. 92, 040403
(2004); M. Bartenstein, A. Altmeyer, S. Riedl, S. Jochim,
C. Chin, J. Hecker Denschlag and R. Grimm, Phys. Rev.
Lett. 92, 120401 (2004); M. W. Zwierlein, C. A. Stan, C.
H. Schunck, S. M. F. Raupach, S. Gupta, Z. Hadzibabic
and W. Ketterle, Phys. Rev. Lett. 91, 250401 (2003).
[6] T. Donner, S. Ritter, T. Bourdel, A. o¨ttl, M. Ko¨hl, and
T. Esslinger, Science 315, 1556 (2007).
[7] L.P. Pitaevskii, Zh. Eksp. Teor. Fiz. 40, 646 (1961) [Sov.
Phys.JETP 13, 451 (1961)]; E.P. Gross, Nuovo Cimento
20, 454 (1961).
[8] L. D. Carr, Charles W. Clark, and W. P. Reinhardt,
Phys. Rev. A 62, 063611 (2000)
[9] Ph. Nozieres and D. Pines, The Theory of Quantum Liq-
uids, (Addison Wesley, New York, 1990), Vol.II; A.L. Fet-
ter, Ann. Phys. (N.Y.), 70, 67 (1972).
[10] R. Kanamoto, H. Saito and M. Ueda, Phys. Rev. Lett.
94, 090404 (2005).
[11] R. Kanamoto, H. Saito, and M. Ueda, Phys. Rev. A 73,
033611 (2006).
[12] I. Castin and C. Herzog, arXiv:cond-mat/0012040v2.
[13] P. Zin´, J. Chweden´czuk, B. Oles´, K. Sacha and M. Trip-
penbach, to be published.
[14] M. D. Girardeau and R. Arnowitt, Phys. Rev. 113, 755
(1959); C. W. Gardiner, Phys. Rev. A 56, 1414 (1997);
M. D. Girardeau Phys. Rev. A 58, 775 (1998); Y. Castin
and R. Dum, Phys. Rev. A 57, 3008 (1998).
[15] J. Dziarmaga and K. Sacha, Phys. Rev. A 67, 033608
(2003); J. Dziarmaga and K. Sacha, J. Phys. B 39, 57
(2006).
[16] Fumihiko Takano, Phys. Rev. 123, 699 (1961).
[17] This condition sets the range of α where the entire system
may be described by the Bogoliubov theory.
